Lecture Notes: The Riemann Integral

1 Darboux Sums and Integrability

Let f be a bounded function on the interval [a, b].
For a subset S C [a, b], define

M(f,8) = sup{f(x) -z € S}, m(f,5) = inf{f(z) : € S}.
Definition 1.1 (Partition). A partition of [a, b] is a finite ordered set
P={a=ty<t;<---<t,=>}

Definition 1.2 (Darboux Sums). For a partition P as above, the upper Dar-
boux sum is

U(f,P)= ZM(ﬂ [tr—1,tk]) (b — tr—1),
k=1

and the lower Darboux sum is
L(f, P) = Zm(fv [tr—1, tk]) (te — ti—1)-
k=1

It follows immediately that
m(f. a,b)(b - a) < L(f, P) < U(f, P) < M(f,[a,))(b - a).
Definition 1.3 (Upper and Lower Integrals). The upper integral of f is
U(f) =inf{U(f, P) : P is a partition of [a,b]},
and the lower integral is
L(f) = sup{L(f, P) : P is a partition of [a, b]}.

Definition 1.4 (Darboux Integrability). We say f is Darboux integrable on
[a,b] if L(f) = U(f). In that case, the common value is denoted

b
/ f(x)dz = L(f) = U(f).



Example 1.5. Let f(x) = 22 on [0,b]. Take the uniform partition
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Example 1.6 (Dirichlet Function). The Dirichlet function f : [0,1] — R is

defined by
1, z€Q
(z) {07 x ¢ (@f

This function is bounded but not Riemann integrable. For any partition P of
[0, 1], every subinterval contains both rational and irrational numbers. Thus

M(f7 [tk—lvtk]) = 17 m(f7 [tk—latk}) =0.
Therefore
=Y 1 (e —tp1) =1, => 0 (tg —tr-1) =0.
k=1 k=1

Hence U(f) =1 and L(f) = 0. Since U(f) # L(f), the Dirichlet function is not
Darboux (and therefore not Riemann) integrable.

2 Properties of Darboux Sums

Lemma 2.1 (Refinement Lemma). If @ is a refinement of P (i.e., P C Q), then

L(f,P) < L(f,Q) <U(f,Q) <U(f, P).

Proof. Adding a point to a partition splits one subinterval into two. The infi-
mum over the union is at least the infimum over each part, so the lower sum
does not decrease. Similarly, the upper sum does not increase. O

Lemma 2.2. For any two partitions P, (),

L(f,P) <U(f,Q).



Proof. The common refinement P U () satisfies

L(f,P) < L(f,PUQ)<U(f,PUQ) <U(f,Q).

Theorem 2.3. For any bounded f,
L(f) < U(f).
Proof. Fix a partition . For every partition P,
L(f,P) <U(f,Q).

Taking supremum over P gives L(f) < U(f,Q). Now taking infimum over Q
yields L(f) < U(f). O

3 Criterion for Integrability

Theorem 3.1 (Darboux Criterion). A bounded function f on [a, b] is Darboux
integrable if and only if for every € > 0 there exists a partition P such that

U(f,P)— L(f,P) <e.
Proof. (=) Suppose f is integrable. Choose partitions Py, P, with
Lf.P) > L) —5,  UP) <Uf)+35.

Let P = P, U P,. Then
U(f, P)=L(f,P) S U(f. Ba)=L(f, P1) < (U(H)+5)~(L(H)=3) = U(D~L(f)+e = <.

(<) Given e > 0, choose P with U(f, P) — L(f, P) < . Then

U(f) S U, P) = U(f,P) = LU, P) + L(f,P) < =+ L(f.P) < =+ L(f).
Since ¢ is arbitrary, U(f) < L(f). Together with L(f) < U(f) we obtain
L(H) =U(). O

4 Mesh of a Partition

Definition 4.1 (Mesh). For a partition P = {a =1ty <t; < --- < t, = b}, the
mesh of P is
mesh(P) = max{ty —ty—1:k=1,...,n}.

Theorem 4.2 (Mesh Criterion). A bounded function f is Darboux integrable
if and only if

Ve > 030 > 0 such that mesh(P) <0 = U(f,P)— L(f,P) <e.



Proof. (<) Follows immediately from the Darboux criterion.
(=) Given £ > 0, choose a partition Py = {a = ug < u1 < -+ < up, = b}
with

U(f, Po) = L(f. Ro) < 5.

Since f is bounded, there exists B > 0 such that |f(z)] < B for all z. Set
0 = g5 Let P be any partition with mesh(P) < 0.

Consider the common refinement ¢ = P U FP,. The contribution to the
difference U(f, P) — L(f, P) from subintervals of P that contain a point of Py
is at most 2B - § - m. Hence

U(f,P)<U(f,Po)+2B-6-m=U(f, Po) + Z,
L(f,P)> L(f,Po) —2B -6 -m = L(f, R) — Z
Therefore
U(f, P)=L(f, P) < (U(f, Po)+7) = (L(F. Po)=) = (U(f, Po)=L{f, Po))+5 < 5+ =

O

5 Riemann Sums

Definition 5.1 (Riemann Sum). For a partition P = {a = tg < t; < -+ <
t, = b} and chosen points xy, € [tx—1, tx], the corresponding Riemann sum is

S(f, PAxx}) = Zf )t — tr—1).

Definition 5.2 (Riemann Integrability). A bounded function f is Riemann
integrable if there exists a number r such that

Ve > 03§ > 0 such that mesh(P) < é = |S(f, P, {zx}) —r| <e

for every choice of the intermediate points . The number r is then called the
Riemann integral of f.

Theorem 5.3 (Equivalence). A bounded function f on [a,b] is Darboux inte-
grable if and only if it is Riemann integrable, and the two integrals coincide.

Proof. (=) Assume f is Darboux integrable with integral I = L(f) = U(f).
Given € > 0, choose § > 0 by the mesh criterion so that mesh(P) < § im-
plies U(f, P) — L(f, P) < . For any Riemann sum S corresponding to such a
partition,

L(f,P)<S<U(f,P) and L(f,P)<I<U(f,P)
Hence |S —I| <U(f,P)— L(f,P) <e



(<) Suppose f is Riemann integrable with integral r. Given € > 0, choose
4 > 0 so that for every partition P with mesh(P) < § and any choice of in-
termediate points, |S — r| < e. For such a partition, pick z; with f(xg) <
m(f, [tk—1,tx]) + 5= Then

S<L(f,P)+ﬁ(b—a) — L(f,P) + <.
Thus r < L(f,P) + ¢, and taking supremum over all such partitions gives
r < L(f) +e. Since ¢ is arbitrary, » < L(f). Similarly, » > U(f). But
L(f) <U(f),s0 L(f) =U(f) =r, and f is Darboux integrable. O
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